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The problem of the equilibrium of a linear elastic body in a bounded two-dimensional of three-dimensional domain containing
a cut (a crack) is considered. The boundary conditions on the sides of the crack have the form of inequalities and describe the
condition for their mutual impenetrability. The derivative of the energy functional along the length of the crack is found and
Griffith's formula is established. In the two-dimensional case, the Eshelby—Cherepanov-Rice integral is constructed along a curve
enclosing the vertex of the crack and it is shown that it is independent of the integration path. An analogue of the
Eshelby—-Cherepanov-Rice integral is constructed for the three-dimensional case. © 2000 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Consider a linearly elastic body which, in the undeformed state, occupies a domain D C R? (p = 2, 3)
and contains a crack. The crack is the modelied by a cut (when p = 2) and by a surface (when p = 3)

s ={(xp)] x,=0, 0<x;<I+8, p=3:-h<x,<h}

where i > 0,/ > 0, § is a small parameter and the subscript i ( and the subscript j below) take the values
1and 2 whenp = 2 and 1, 2 and 3 when p = 3 (Fig. 1). We assume that 5,;,5 C D for all sufficiently
small 3 and use the notation Q5 = D\ E;,5, Q =D\ E,.

The problem of the equilibrium of an elastic body containing a crack is formulated in the following
way; it is required to find a vector function W = (w') such that

—6;;=fin & f=(fi.f,)eC'(D) (1.1)
W=0 on I (Wih=0 in & (1.2)

Here, o;; = 0,(W) are the components of the stress tensor, f; are the components of the external load
vector, and [W] = W' — W™ is the discontinuity of the vector W on E;. The plus and minus
superscripts correspond to positive and negative directions of the normal n to the line (p = 2) or to
the surface (p = 3) E,,5. Summation is carried out over repeated indices.

We shall assume that Hooke’s law is satisfied

;= 2pe; +AS divW, g, =g;(W)=(w' +wi)/2 (1.3)
where A = 0 and . > 0 are Lamé parameters.
The formulation of problem (1.1), (1.2) is not complete. Actually, we consider the problem of
minimizing the functional (henceforth the integration domain is not shown)
QW)= [ (W), (W)dQ- | fWdQ 1.4)
in the convex, closed set
Ky={(w)eH'(Q)] w'=0 onT, [w']=0 in Z)} (1.5)
In this case, the solution W of the minimization problem satisfies variational inequality (1.10) when
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3 = 0 (see below). In particular, equilibrium equations (1.1) and boundary conditions (1.2) are satisfied.
Other boundary conditions (see (2.14) when p = 2 and (3.3) when p = 3) will also be satisfied in the
set =, in addition to the last condition of (1.2).

Together with problem (1.1), (1.2), we consider a family of perturbed problems, namely, it is required
to find a vector function W® = (W) such that

0, = fin Q5 6 =0;(W°) (1.6)
wi=0onT; [WIh=0 in Z,, (1.7)

where o;; and &;; are related by Hooke’s law (1.3).

As in the case of problem (1.1), (1.2), the formulation of problem (1.6), (1.7) is not complete. In
reality, when speaking of problem (1.6), (1.7), we shall bear in mind the problem of minimizing the
functional I(Qs; W) in the set K;. They differ from the corresponding functional (1.4) and the set (1.5)
in that the domain () is replaced by (s an the set 5, is replaced by 5, 5.

The solution W® of the minimization problem satisfies the variational inequality (see inequality (1.10)
below) and the second relation of (1.7) is part of the complete system of boundary conditions which
are satisfied in the set 2.

The rate of change of the energy functional along the length of a crack is often involved in the formu-
lation of fracture criteria [1]. Derivatives of the energy functional in the case of Poisson’s equation and
the linre equations of the theory of elasticity (when p = 2) with classical boundary conditions of the form

Gy =0, G;>=0 in = (18)

have been analysed (also, see [4-7]. In the case of the non-classical boundary conditions (1.2), the
question of the derivatives of the energy functional has remained open up to the present time. The
regularity of the solutions of elliptic boundary-value problems in non-smooth domains has been studied
in [8-12] and other aspects of elliptic problems in domains with non-smooth boundaries have been
considered in [11-17]. The dependence of the solutions of boundary-value problems on the shape of
the domain has been investigated in [18]. Asymptotic expansions of the energy functional in the case
of a perturbation of the dimensions of a crack have been constructed in [19-20).

The aim of this paper is to find the derivative of the energy functional along the length of a crack in
the case of boundary conditions (1.2) in =, which ensure that the sides of the crack do not penetrate
one another.

lim| HQs: WP = QW) 8= dJ(Qg)/ Bl (J(Q5) = 1(Q5: W) (1.9)

Here, W° and W are the solutions of problems (1.6), (1.7) and (1.1), (1.2) respectively. Actually, W? is
the solution of the following variational inequality
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WeeKy: [ O (WoXe;(V)—e (WoNdQy=] F(V-WQVVeKy (1.10)

- and Wis the solution of the analogous inequality when K; and ()5 are replaced by K and (2 respectively.

In order to find the derivative (1.9), we carry out a one-to-one mapping of the domain {25 onto ().

We then make use of the variational properties of the solutions, whieh enables us to avoid the need to
calculate the material derivative of

2. THE TWO-DIMENSIONAL CASE

We select an arbitrary function & € Cg (D) which is such that 8 = 1in a certain neighbourhood of the
point x; = (I, 0). To simplify the formulae which follow below we will assume that 6 = 0 in the
neighbourhood of the point (0, 0). We choose a transformation of the independent variables in the form

n=x- 89(4\', W X2) ya =X (M. )a 1€, (x), Xy )605 (21)

The Jacobian g5 = 1 — 86y, of transformation (2.1) is positive for small 3.
Suppose x = x(y, 3) is the inverse transform of (2.1) and W*(x) is the solution of problem (1.6), (1.7).
Then, Wo(x) = Wy(y)y e Q. Suppose, also, that W is the solution of problem (1.1), (1.2). Then

I Ws = Wil 1, —>0 When 80 22)

We shall not present the proof of this convergence. It is analogous to the proof of Lemma 1 in [21]
where Poisson’s equation in a domain with a cut was considered.

Furthermore, it can be proved in the same way as described previously[21] that a constant ¢ > 0
exists such that

W = Wil o= <cd (23)
Using transformation (2.1), we obtain (henceforth, i, j = 1, 2 everywhere)

Si(x(v,9))

j j}wsdQB = _[ j}5|-t-'6dQ, ws(x) = wy(y), f,-s()") = P

The derivatives

B - o) _ 4|
8 5 |

. )

Av)=lim
;i 8§50
50
can now be found.

In fact, assuming y and 8 are the independent variables in (2.1), we obtainx = x(y, 8). Differentiation
of equalities (2.1) with respect to 8 gives

Hence,

i (x(5,9))

_r 4y
a5 =

83=0 "l ds 5=0

=0 = i-“le (24)
It follows from this that

ror _ 1ien| JiCX(3,8)) LGN - f)

ﬁm-;':'a[ 1-a, 4O >] e

RY]

(2.5)

9(6f,
40, S, = £, 840, /i = (f’m
]
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Moreover, taking account of the inclusion f; € C! (1), we obtain when 8 — 0
FP - 2018 ) in L(Q) (2.6)
Now, suppose W® = (W) is the solution of problem (1.6), (1.7). We introduce the notation
WP =wi(y), WA =W(»), xeQ; yeQ, x=x(»9)
The relations
wl =wy, (1-80, ), wid =wy, (-88,,)+w;,

X2

2.7)

W28 ws‘ (1-388,), wzs—ws\l( 86x2)+W8\2

hold by virtue of transformation (2.1).
Since the equality

(WO, (WP) = 2u+ M)(E] (W) + €3, (W) + 20e, | (WP ey (WD) + dpiely (WD)

holds, then, by virtue of relations (2.7), it is possible to replace the integration domain {25 by {} in the
formula for the energy functional, namely (henceforth Wi = us, w% = vy everywhere).

%j ;i (W2)e, (W?)dQ, — | fw5d95=— (us‘l((2u+7u)q8 ~ud’6%, )+

+uug, +vg, ((2u+M)8%67, +pgs)+(2u+ 7&)1;5_‘,2 - 28us, 45,0, — 28)
—28(p + Mgy, v, 8., 45 + 2hug, vs, o gg + 25, Vs, G5 —
=28(21 + Ay, vy, 8,,)dQ—[ fPW;dQ
Formula (2.8), which gives the transformation of the energy functional, can be rewritten in the form
1(Q: WP) = I5(Q2; Wy) (2.9)

The inclusion W5 € K implies that W® e K; and, conversely, W° e Ky implies that Wy € Ky. This means
that transformation (2.1) establishes a one-on-one correspondence between K and K. In particular,
what has been said means that

(Q =
J];n:_’ (Q5:U)= mm IS(Q U) (2.10)

Then, by virtue of (2.9) and (2.10), we have

A 18 = (15(Q Wg) = I(Q: W)/ 8 [15(Q W)}/ 8
(A =J(Q)—J(), (I W)} = I8 W) - I(Q; W)

whence it follows that

gl_r:?)AJ/8$gLI;!;I)(15(QZ W)}/d (2.11)
On the other hand,

lim AJ /8= lim (J5(€; W;)}/ &

50 5—0 3 8 (212)

On taking relations (2.8), (2.6) and (2.2) into account, it can be shown that the right-hand sides of
inequalities (2.11) and (2.12) are identical. This means that the derivative (1.9) exists. Direct calculation
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of the right-hand sides of inequalities (2.11) and (2.12) gives Griffith’s formula

A \|+uu\2 ¥ 2““\[ ya \1 H'U_3|e\'|+(2“'+x)x

dJ(Qb)/dola = Y] (~u+Mu?

2

Xv,, 0, —2(u+ }‘.)u vy, 0y, —22p+ A v, v, 8,,)dQ2 - (2.13)

-] (Of)),, udQ~ [ (6f,), vdQ

This gives the value of the derivative of the energy functional along the path of the crack in the case
of the two-dimensional theory of elasticity with non-linear boundary conditions (2.14) (see below) on
the crack sides. We will first analyse the boundary conditions in E, in problem (1.1) and (1.2). According
to results obtained previously [11], the solution W of problem (1.1), (1.2) satisfies the following boundary
conditions

—

[vJ=0. ©03=<0 [022]1=0. o;2=0, oxnly=0 in Z, (2.14)

Moreover, it follows from results obtained previously in [8] that the solution of problem (1.1), (1.2)
(that is, in fact of problem (1. 10) when 8 = 0) has additional smoothness compared with the varlatlonal
problem. In fact, for any x e 5, a neighbourhood V of point x exists such that W e H* (NE).
Consequently, according to the embedding theorems, the function W is continuous up to the crack sides
and conditions (2.14) are satisfied almost everywhere in Z;. Note that o5, = (2 + Mvy,; + Mgy, In
addition to conditions (2.14), it can be proved that

(G2 v,, | =0lv, 1=0 almost everywhere in E, 2.15)

Actually, by virtue of the continuity of the function v up to 5y, the set
M={ye gl [vy]>0}

is open in 5. According to the last equallty of (2.14), at any pointy e M, we have a,(y) = 0. It follows from this
that op[v,; ] = 0 almost everywhere in M. In the set Z\M we have [v] = 0. Consequently, [v,; ] = 0 (see [22],
Chapter 2 Theorem .4. 1) which also proves equality (2.15).

We will now prove that the right-hand side of equality (2.13) is independent of the choice of the
function 0. It has already been established that the left-hand sides of inequalities (2.11) and (2.12) are
identical. They are independent of 8, and hence the limit limAJ/3 when 8 — 0 exists and is also
independent of 6.

Additional properties of smoothness close to the point x; can be established in some special cases.
For example, suppose the solution W or problem (1.1), (1.2) possesses the property [W] = 0in B; N5,
where B, is circle with centre at the point x;. Then, using the method employed in [12], it can be proved
that the equilibrium equations

~C;;{(W) =f;

are satisfied in the sense of distributions in B,;. Consequently, WeH ,OC(BX,) In addition to what has
been said above, by virtue of the inclusion f € H'(D) , we obtain W e Hj,(Q). In this case, we shall
have

dIQUYAL=0 (2 =Q() (2.16)
Actually, integration by parts on the right-hand side of (2.13) gives

dJ QNI =I 9((0‘, 11 ""012‘2)[4.‘.I +(G2I.l +072.2 )U.“I )(/Q([)+

2.17)
+] 6(fiuy, +frv,, )dQU) +[ 8(0pluy, 1+[015u, DAZ,

According to relations (1.1), (2.14) and (2.15), the right-hand side of expression (2.17) is equal to zero, which
also proves equality (2.16).

Note that the smoothness of the function W e H*(B \E)) is sufficient for equality (2.16) to hold. In this case,
the arguments presented above can be repeated and it can be proved that the right-hand side of expression (2.17)
is equal to zero.
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Griffith’s formula (2.13) can be written in a form which does not contain the function 6. In order to
do this, we select a circle B,,(r) of radius r and a boundary I'(r) such that 8 = 1 in B,(r). Integration by
parts in (2.13) then gives

dIQUIN T dl = Iy + | (fity, +Fyvy, (B, (NVE)) (2.18)
where
I = A i@+ M)y, ~v)) + (g, = ug, NdT(r) +
+[ V(U 4+, vy, (W Duy vy +pay g, )dT(r) (2.19)

and (v, v;) is the unit outward normal to I'(r).

Now suppose f = 0 in certain neighbourhood ¥V of the point x,. For fairly small r, we have B,(r) C V.
The right-hand side of equality (2.18) is independent of r and the following property is therefore proved.
Suppose W is the solution of problem (1.1), (1.2) and f = 0 in a certain neighbourhood of the point x,.
Then, the integral I, is independent of r for all fairly small r. Moreover, the preceding arguments
show that the mtegra& I¢, which differs from It by the replacement of the circle I'(r) by an arbitrary
curve C enclosing the point x;, is independent of) the curve C (Fig 2). In this case, v = (v, v) is a unit
vector normal to curve C. Part of this curve may coincide with =, Suppose & = 5, N C Then, by virtue
of relation (2.15), it is possible in I to integrate both along the side Z* as well as along the side B

We emphasize that the fact that the integral I is independent of the curve C holds in the case when
f=0in a domain with a boundary C. An integral of the form I is called an Eshelby—Cherepanov-Rice
integral. Note that the result that the integral is independent of the path has been obtained for the case
of non-linear boundary conditions (2.14).

The well-known assertions that an Eshelby-Cherepanov—Rice integral is independent of the integration path
refer to the case of boundary conditions (1.8) (see [23]). In this case, the integral is usually written in the form

| (o;v; w\‘ A0V YIC((w' w2 = (11,v)) (2.20)

It is clear that, in the case of boundary conditions (1.8), there is no need to integrate along Z*, since the
corresponding integrals are equal to zero. There is also no need to use equality (2.15). We will show by direct
verification that the integrands in /¢ and (2.20) are identical, so that the integral I has a classical form.

If the crack opening close to x; in problem (1.1), (1.2) is non-zero, the boundary conditions close to
x; have the form o,; = o1, = 0, and we arrive at the classical case. We note here that the sufficient
conditions which ensure that the crack sides do not come into contact have been given in [24].

Other invariant integrals along contours encompassing the crack tip also exist for the case of boundary
conditions (1.8) [25].

Q

Fig. 2
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3. THE THREE-DIMENSIONAL CASE
We now consider the function 8 € Cg(D), 6 = 1 in the neighbourhood of the set

L={(x, x5, 8% =1, —h<xy<h, x3 =0}

We assume that 6 = 0 in the neighbourhood of the set Ly = L|; - o. The transformation of the
independent variables

¥ =X - 00(xy, X2, X3),  Y2= X2, V3= A3 3.1

in the case of small 3 constitutes a one-to-one mapping of the domain 5 onto  (x;, x5, x3)

(yb)’z, y3) € .
It is then possible to argue in the same manner as in Section 2 which gives Griffith’s formula for the

derivative of the energy functional (w! = u, w? = v, w* = w) everywhere henceforth)

dQy)/ dY],_ = Y] (@u+M)(-uy,0, +v], 8, +wi8, ~2v, v, 0, -

= 2w, Wy, H}+|J.[un " “\.9\; w 8 +u‘19‘l+v\‘9”+

+w2 @ —-2u u_® 2u.w.9 -v.v. 0, -2u.w. 0, —2u W 0

yauy AN R T & 1 yYoxam Yooy v

2w, w0, —2u u, 0 2u‘|u\19 +2v, _\.I}+.2k{v.‘.2 w.\._‘e —uy W, 0, -
—v,w, 0, —v,w 0 —uv 0 Q- I(Of,)ludﬂ—
~f (8f),,vdQ~-[ (8f;), wdQ 3.2)

It can be shown that the right-hand side of equality (3.2) is independent of 6.
It has been shown [11] that the solution W of problem (2.1), (2.2) satisfies the following boundary
conditions

[H’]? 0, [G};] =O, G'Hso, G}}[lv]': 0, 613 =O, 0‘23 =0 Ha El (3.3)
Moreover, it is shown that

Gaslw ;| =0 almost everywhere in  Z, (3.4)

We will now write formula (3.2) in a form which does not contain the function 6. For this purpose,
we consider a neighbourhood S; of a set L with a smooth boundary I'; assuming that 8 = 1in S;. The
unit outward normal to (v, v, v3) is denoted by I';. Integrating by parts in (3.2), we obtain

51./((25)/(15|5 =[ (fin, + fv,, +f1w‘] )dS, + 4] v,((2u+7»)(u\| vy, — wf.})-i—

202 2 22
HU Hwy g i U = .\‘2 -y, wy, )= 2hvy, w )dl +

+[ vy (2u+Mv, v

Y \»

R, (g, 40 )W, W + W, )t (3.5)
+My,, (o +w DAl +] ViU +Mw, w +
Oy (YU @ D+ Aw (ay o DdD
Denoting the functional defined by the right-hand side of Griffith’s formula by k(J, 4, f), we obtain
J(Qg) =J(Q) + kI, h, B + 0(D)

Note that k(/, &, f) is independent of the choice of the neighbourhood S;.

The method proposed for obtaining the derivative of the energy functional also enables us to treat
more complex perturbations of the front of the crack in the three-dimensional case. Suppose, for
example, that the front of the crack in the unperturbed state is defined by the equation x; = g(x,), where
g is a specified function which satisfies the Lipshitz condition such that

g=-Iy=e(y=1
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The perturbed front of the crack is described by the equation x; = g(x,) + 8. We assume that the
transformation of the independent variables is identical to (3.1), where 8 € Cy (D) and 6 = 1 in
the neighbourhood of the set

{(x), X2, 60 ) = g(x,), —h<xy<h, x;3=0}

In this case Griffith’s formula also has the form (3.2) with a domain () corresponding to the frontx, =

gx2).
Similarly, suppose the front of the crack is defined by the equation x; = / and the perturbed front
has the form x; =/ + 8g(x;). The known function g is assumed to be fairly smooth and such that

g-mM=gh)=0

We continue the function g outside of the interval (—#, &) by zero and choose the function 6 as in (3.1).
Here, the transformation of the independent variables can be chosen in a form which differs from (3.1)
by the introduction of the factor g(x,) in front of the function 8(xy, x,, x3), and Griffith’s formula has
the form (3.2), in where the function 6 is replaced by gf.
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